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SVAZEK 21 (1976) APLIKACE MATEMATIKY ČÍSLO 2 
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INTRODUCTION 
Miller and Musgrave studied the propagation of elastic waves in cubic materials. 
In this paper we have studied the possibility of propagation of Rayleigh-type waves in 
aelotropic material with cubic symmetry.Three different models have been considered: 
( l )a semi-infinite medium of the material, (ii) a layer of the material, of finite thickness, 
resting on a rigid base, and (iii) a semi-infinite isotropic medium overlaid by a layer 
of finite thickness of the material. For numerical calculation, the values of the elastic 
constants are taken to be those for pyrites [Love — p. 163]. 
SOLUTION OF THE PROBLEM 
(A) With the origin at the free surface and the axes of symmetry as the axes of 
reference, Z-axis being directed into the medium, the equations of motion for cubic 
material in two dimensions are 
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where u and w are the components of displacement in the x and z directions, respec-
tively. 
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in equations (l) and (2), a being a constant to be chosen suitably, we get 
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Now let us assume 
(6) <p = Acoskxe~qzeipt 
i/> = Bcoskxe~qzeipt . 
Then equations (4) and (5) are satisfied if 
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Eliminating A and B from (7) and (8) we see that in order that (6) may satisfy 
equations (4) and (5), q must satisfy 
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If ±qA and + g 2 are the roots of equation (9) we may write 
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c and r] being given by 
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From (3), (10) and (11) we get 
(13) u = -k sin kxe""[(l + £) A,eqiz + (l + £) A2e~'"r + 
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(B) If, however, instead of (3), we substitute 
(15) 
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in equations (1) and (2) and assume the same form of solutions for cp and i/f as in (6), 
we find that the values of ±qt and ±q2 are given by 
( c n - Qc
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The relations between the constants A1? Bt etc. are now given by 
(17) q,B, = A 1 ? qAB2 = - A 2 , 
q2#3 = - 4 3 , g2#4 = ~ ^ 4 
138 
and the displacements by 










Case (i). For a semi-infinite medium of cubic material, the suitable solutions for 
u and cD as obtained from (13) and (14) in case (A) are 
(20) u = - k sin kxeipt[(l + f) A2e~
9lZ + (1 + i;) A4e~
qiZ] , 
(21) co = — cos kxe1 gт + « 
g i 
5 V 
+ jg2 + 
The stress-strain relations give 
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The boundary conditions require that the stress-components zz and zx vanish at 
z = 0. These conditions together with (20), (21) and (22) yield 
(23) ^ 2 [ c „ { g
2 + (g2 + «) £} - c12/c
2(l + £)] + 
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2 + (g2 + a) £}] + 
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Eliminating A2 and A4 from (23) and (24) we get the frequency equations as 
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Again, if we take the values of g t and g2 as obtained from (16) in case (B) the fre-
quency equation becomes 
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Case (ii). For a layer of the cubic material of finite thickness h resting on a rigid 
base, the boundary conditions are 
(27) zz = 0 , zx = 0 at z = 0 , 
u = 0 , co = 0 at z = h . 
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These boundary conditions together with (18), (19) and (22) give 
(28) l1A1 + l1A2 + / 2 A 3 + / 2 A 4 = 0 , 
q1Al - qxA2 + q2A3 - q2AA = 0 , 
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h = k2ci: ЯÌcц 
and qx and q2 are given by (16). 
Eliminating Au A2, A3, A4 from equations (28), we get the frequency equation 
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Case (ii i). Let us now consider an isotropic homogeneous semi-infinite medium 
overlaid by a layer of the cubic material of finite thickness h. 
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where ux and a)1 are the displacement components in the lower medium, gx and fii 
are respectively the density and the rigidity, and 
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Substituting 
(33) д(pi # i 
õx ôz 
д<Pi # i 
dz dx 
in (31) and (32), we find that these equations are satisfied if 
(34) 
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The solutions of equations (34) and (35) suitable for the problem are 
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niz cos kxeipt, 
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(38) n. = / c v / ( l - c
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The stress-components are given by 
(39) ( « ) t - A 1 - ^ + ( A 1 + . V . 1 ) - ^ - , 
OV OZ 
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The boundary conditions in this case are 
(40) zz = 0 , zx = 0 at z = 0 
u = ux , a> = col 
Pz = (fz)x , zx = (zx)x at z = h . 
These conditions lead to 
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where 
(41) m. = X(n\ - k2) + 2nin\ 
and qi» g2 are given by (16). 
Eliminating A1? A2, A3, A4, Lx and Mx from these relations we get 
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NUMERICAL RESULTS 
For numerical calculation of the roots of the frequency equations, we take the 
values of the eleastic constants to be those for pyrites, i.e. 
c x l = 3680 x 10
6 grammes wt. per sq. cm. 
c44 = 1075 x 10
6 grammes wt. per sq. cm. 
c i2 = — 483 x 106 grammes wt. per sq. cm. 
R o o t s of e q u a t i o n (25). (Approximate Solution.) Let us choose a to be so small 
that q\ + a ~ q\, q
2
2 + a ~ g
2, 
(c12 + 2c44)q? + Qp
2 - ctlk




(c12 + 2c44)g2 + Qp
2 - clxk





so that £ = 1 and .7 = 1. 
Equation (25) with the values of q1 and q2 given by equation (9) in (A) then 
reduces to 
£Y_ («u + A(4) + fai - . A . ) . o 
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)] U 4 4 l _ \ C 4 4 / C\\C4rAr. 
With the values of the elastic constants given above, we get 
c\p = 0.987, 1.85 . 
The former of these two values of c/j8 clearly corresponds to Rayleigh waves. 
We, therefore, conclude that Rayleigh waves exist in a semi-infinite medium of 
aeolotropic material with cubic symmetry. 
R o o t s of e q u a t i o n (26) 
Here 
£ = ril
/c^±-c- + 2 ±r/
/£LL 
P L2 V c44 -\\ 
+ c. + 2 
- 4 2 + c\г 
c44 C 11 C 44. 
l/2\-ll/2 
Hence cjfi = 1.23, 1.86. 
R o o t s of e q u a t i o n (30) 
Four of the roots of the equation are readily obtained as 
^ = Í2 + Cl2 
ß 
1/2 
2-/2 ^ - 1 2 2c 1 2O4 
C 4 4 / \ C11C44 
Hence four of the roots are 
c/p = 1.24, 1.41, 1.90 and 2.03 . 
R o o t s of e q u a t i o n (42) 




c /^ cí2 
- = 2 + 
1/2 1/2 
Hence cjfi = 1.24, 2.03. 
References 
[1] Miller, G. E. and Musgrave, M. J. P.: On thе propаgаtion of еlаѕtiс wа еѕ in аеolotropiс 
mеdiа. Proс. Roy. Soс. A 236 p. 352—383, 1956. 
[2] Love, A. E. H: А trеаtiѕе оn thе Маthеmаtiсаl Thеоry оf Еlаѕtiсity. Dо ег Publ. Nеw Yоrk. 
143 
S o u h r n 
ŠÍŘENÍ VLN RAYLEIGHOVA TYPU V AELOTROPICKÉM 
MATERIÁLU S KUBICKOU SYMETRIÍ 
SUBHAS D U T T A a PRIYATOSH R O Y 
V článku se zkoumá možnost šíření vln Rayleighova typu v aelotropickém ma­
teriálu kubického systému pro různé modely. 
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